Introduction
Let G be a group and In his fundamental paper [5] , Kuz'min has studied the integral homology groups HnQ>, and some additional information has been obtained in his recent paper [6] . Since the case n = 1 is trivial (HXQ> = F/F'), the case n -2 is relatively easy and well understood (Hopfs formula gives H2<& = H0(G, M A M ), and a description of the latter can be found in [5, 7] ), we focus on n > 3 . For an abelian group X, we denote by tX its torsion subgroup and, if m is a natural number, we write tmX for the subgroup of all elements x £ X with mrx = 0 for some r > 1. Kuz'min has proved that the torsion subgroup tHnQ> is of finite exponent [5, Theorem 4] , and pointed out that the exponent of the odd part of tHn<S> divides n [6, Theorem 1] . In the case when G has no p-torsion (p an odd prime), he established an isomorphism t H G = H 2(G, Z ), where Zp = Z/pZ regarded as a trivial (/-module [5, Theorem 8] . In [6] , Kuz'min has made the following conjectures on p-torsion (p > 3) in Hn<$>.
Cl. For all n > 3, ptpHnQ> = 0.
C2. Suppose that G has no p-torsion and let s > 1 . Then
(1-2) tpH,**®H,+]pl{G,Zp).
;=0
The results described above confirm Cl for all n with (n , p) = p or (n, p) = 1 (in the latter case there is no p-torsion at all), and C2 for 5 = 1 . Also, Kuz'min announced without proof that
if 1 < m < p and G has no p-torsion [6, p. 859] .
In this paper we shall prove (1.2) for the case 5 = 2, and obtain some information on the general case. Our method will also establish (1.3).
For an abelian group X, let A"^ denote the nth exterior power of X and X" the «th symmetric power (our notation differs here from Kuz'min's). If X is a (7-module, then these are (/-modules via the diagonal action. Kuz'min's approach involves showing that (1.4) tHnO^tnH0(G,/\nM) "up to 2-torsion," meaning that the odd parts of these groups are isomorphic [5, Theorem 7] . Because of (1.4), questions about odd torsion in Hn<¡> are equivalent to questions about homology of G with coefficients in exterior powers of M, which was extensively examined in [5, 6] . An alternative treatment of Ht(G, f\nM) has been given by Hannebauer and the second author [3] . In particular, they improved an "up to 2-torsion" result of [6] by showing that Hk(G, /\"M) (k > 1) and tH0(G, /\nM) have exponent dividing 2n(n -1) for all n > 2.
Our approach is to transform the problem to one about homology of G with coefficients in symmetric powers (IG)n of the augmentation ideal IG of ZG, using the exact sequence (1.5) 0-f\nM -/\"~V<g>.P--► /\""'¿/®.P'-----7W®i''!"1-P',-(/(7)'!-0, which comes from the relation sequence ( Symmetric powers of IG will be studied by embedding them in symmetric powers of Z(7 and using the (7-module maps x(n) : (ZG)n -(ZG)n~x given
where gx, ... , gn £ G and the circumflex denotes that g¡ is omitted. The kernel of x(n) is (IG)" (see §2). These maps make sense also when Z is replaced by any commutative ring with 1, and will not be distinguished notationally.
We remark in passing that if ©^L0 (ZG)" , the symmetric algebra on ZG (with (ZG) = Z ), is regarded as the polynomial ring on the group elements as indeterminates, then ©^L0 x(n) is the sum of the first partial derivatives with respect to the group elements.
An interesting property of these maps that emerges during our discussion is the following. Proposition 1.2. Let p be a prime. Then
where (ZpG)rp -(Z^G)^-1 is x(rp) (r = 1,2,...), and (ZpG)rp~x -
If G is torsion-free, the modules (ZpG)" are free ZpG-modules [4, Lemma 4.1] and (1.7) is a free Z G-resolution of Z . If G is merely p-torsion free, the symmetric powers of ZG need not be free, but their homology is concentrated in dimension zero (see §2).
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Symmetric powers of group rings and free modules
In this section, let 5 be a commutative ring with 1. We later use R to denote the integers localized at a fixed prime p. Let the elements of G be totally ordered in any way. Then (SG)n has an S-basis consisting of all elements By replacing each g,-=/ 1 by 1 + (gi -1) and expanding, we easily see that the elements (2.1)
also form an 5-basis of (SG)", which we call the augmentation basis. In particular, the elements (2.1) with / = n form an S-basis for the canonical image of (IsG)n, the «th symmetric power of the augmentation ideal ISG of SG,in (SG)" .
Consider the G-module homomorphism x(n): (SG)" -(SG)"~ defined by
where ax, ... , an £ SG and e is the augmentation map S G -S. This is clearly the x(n) described in the introduction. On an element (2.1), x(n) takes the very simple form (iv) If S is a domain of characteristic zero, then the elements ¿¡(n, y) with y £ Tn \ Ym form an S-basis for the kernel of a(n, m). In particular, the kernel of x(n) = a(n, n-l) coincides with the canonical image of (ISG)" in (SG)" .
Proof, (i) is clear from the definition. For m -n -1 (a(n, n -1) = x(n)), (2.5) is essentially the same as (2.2), (2.3). The case m < n -1 follows by trivial induction on n-m . Finally, (iii) and (iv) are obvious consequences of (i) and (ii). D Proposition 1.2 is now easy to establish.
Proof of Proposition 1.2. We work here with S = Zp. Let n > 1. In view of Lemma 2.1 (iii), the kernel of x(n): (ZpG)" -(ZpG)"~l has a Zp-basis consisting of all elements ¿¡(n, y) such that y £ Yn and K(n, n -1, y) = Omodp (on noting that y e Yn \ YnX implies K(n, n -1, y) = 0 ). Now
If y has length /, one has K(n, n -1, y) = n -I and K(n + p -I, n, y) = (n + p -I -l)(n + p -2 -I) ■ ■ ■ (n + 1 -/).
Consequently, x(n, n -1, y) = Omodp implies that K(n + p -1, n, y) is a unit in Z , and (2.6) gives ima(n + p -I, n) = kerr(«) for all n > 1 . Similarly, we get imi(« + 1) = kercr(«, n -p + 1) for all n > p -1. In particular, (1.7) The proposition follows on noting that tH0(G, f\"(M®R)) is contained in the kernel on the left-hand side (indeed, the corresponding image lies in the freê -module HQ(G, /\"~XM ® P ® R)). D
Homology of symmetric powers of IG
In this section we are concerned with discussing p-torsion in //"(G, (IG)n), where p is an arbitrary prime. We shall prove our two theorems and establish (1.3). By Lemma 2.4, there is an isomorphism (3.1) tpHk(G,(IG)")^tHk(G,(IG)"®R), so we can work with symmetric powers of IRG, the augmentation ideal of the localized group ring RG. Throughout this section we will assume that G is p-torsion free. By Lemma 2.1(iv) we have a 4-term exact sequence 0 -(IRG)" -(RG)" -^U (RG)"'1 -cokerr(w) -0.
By Lemma 2.3, the homology of the middle terms is zero in positive dimensions, and we get by dimension shifting
If n = ps (s > 1 ), we also have where the vertical maps are reduction modp and the notation x(n) is introduced to distinguish the appropriate versions of x(n). If n -rp (r > 1), the homology of cokerr(n) can be computed by dimension shifting through (1.7) (using Lemma 2.3), and in view of cokert(m) ®Zp = cokert(«) we get [6] ). Suppose that p is an odd prime, G is p-torsion free and 1 < r < p . Then tpHrpQ> = H(p+2)r(G ,Zp). D
We conclude with the proofs of our two theorems. Since the case n = p is established in Proposition 3.2 (for r = 1 the assertion extends to k > 0 ; and previously in [3, 5] ), we can assume that n = ps with s>2. 
